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THE GEOMETRY OF WARPED PRODUCT SINGULARITIES
O.C. STOICA1
Abstract. In this article the degenerate warped products of singular semi-
Riemannian manifolds are studied. They were used recently by the author to
handle singularities occurring in General Relativity, in black holes and at the
big-bang. One main result presented here is that a degenerate warped product
of semi-regular semi-Riemannian manifolds with the warping function satis-
fying a certain condition is a semi-regular semi-Riemannian manifold. The
connection and the Riemann curvature of the warped product are expressed in
terms of those of the factor manifolds. Examples of singular semi-Riemannian
manifolds which are semi-regular are constructed as warped products. Applica-
tions include cosmological models and black holes solutions with semi-regular
singularities. Such singularities are compatible with a certain reformulation
of the Einstein equation, which in addition holds at semi-regular singularities
too.
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1. Introduction
The warped product provides a way to construct new semi-Riemannian manifolds
from known ones [1, 2, 3]. This construction has useful applications in General
Relativity, in the study of cosmological models and black holes. In such models,
singularities are usually present, and at such points the warping function becomes
0. For the Friedmann-Lemaˆıtre-Robertson-Walker model for example, the metric
of the product manifold becomes degenerate, and the Levi-Civita connection and
Riemann curvature, as usually defined, become singular or undefined. Therefore,
we need to apply the tools of singular geometry [4].
This article continues the study of singular manifolds developed by the author
in [4, 5], extending it to warped products. We start with a brief recall of notions
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related to product manifolds in §2.1. Then, basic notions of singular geometry and
the main ideas from [4], which will be applied here, are remembered in §2.2. In §3 we
define the degenerate warped products of singular manifolds, and study the Koszul
form of the warped product in terms of the Koszul form of the factors. Then, in §4
we show that the warped products of radical-stationary manifolds are also radical-
stationary, if the warping function satisfies a certain condition. After that, we prove
a similar result for semi-regular manifolds, which ensures the smoothness of the
Riemann curvature tensor. In §5 we express the Riemann curvature of semi-regular
warped products in terms of the factor manifolds. We conclude in §6 by giving
some examples of semi-regular warped products, and some applications to General
Relativity, including cosmological models with semi-regular big-bang singularity,
and stationary black hole solutions. Semi-regular singularities are compatible with
a densitized version of Einstein’s equation, which remains valid at the singularity
too.
2. Preliminaries
2.1. Product manifolds. We first recall some elementary notions about the prod-
uct manifold B × F of two differentiable manifolds B and F . See for example [3],
p. 24–25.
At each point p = (p1, p2) of the manifoldM1×M2, the tangent space decomposes
as
(1) T(p1,p2)(M1 ×M2)
∼= T(p1,p2)(M1)⊕ T(p1,p2)(M2),
where T(p1,p2)(M1) := T(p1,p2)(M1 × p2) and T(p1,p2)(M2) := T(p1,p2)(p1 ×M2).
Let pii : M1 ×M2 → Mi, for i ∈ {1, 2}, be the canonical projections. The lift
of the scalar field fi ∈ F (Mi) is the scalar field f˜i := fi ◦ pii ∈ X(M1 × M2).
The lift of the vector field Xi ∈ X(Mi) is the unique vector field X˜i on M1 ×M2
satisfying dpii(X˜i) = Xi. We denote the set of all vector fields X ∈ X(M1 ×M2)
which are lifts of vector fields Xi ∈ X(Mi) by L(M,Mi). The lift of a covariant
tensor T ∈ T 0sMi is given by T˜ ∈ T
0
s(M1 ×M2), T˜ := pi
∗
i (T ). The lift of a tensor
T ∈ T 1sMi is given, for any X1, . . . , Xs ∈ X(M1 ×M2), by T˜ ∈ T
1
s(M1 ×M2),
T˜ (X1, . . . , Xs) = X˜, where X˜ ∈ X(M1 × M2) is the lifting of the vector field
X ∈ X(Mi), X = T (pii(X1), . . . , pii(Xs)).
2.2. Singular semi-Riemannian manifolds. We recall here some notions about
singular semi-Riemannian manifolds, and some of the main results from [4], which
will be used in the rest of the article.
Definition 2.1. (also see [6]) A singular semi-Riemannian manifold (M, g) is a
differentiable manifold M endowed with a symmetric bilinear form g ∈ Γ(T ∗M ⊙M
T ∗M) named metric. The manifold (M, g) is said to be with constant signature if
the signature of g is fixed, otherwise, (M, g) is said to be with variable signature.
Particular cases are the semi-Riemannian manifolds, having the metric non-degen-
erate (and automatically having constant signature), and Riemannian manifolds,
when g is positive definite.
If (V, g) is a finite dimensional inner product space with an inner product g which
may be degenerate, then we call the totally degenerate space V ◦ := V
⊥ the radical
of V . The inner product g on V is non-degenerate if and only if V ◦ = {0}. The
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radical of TM , denoted by T ◦M , is defined by T ◦M = ∪p∈M (TpM)◦. We denote
by X◦(M) the module of vector fields on M for which Wp ∈ (TpM)◦.
The remaining of this section recalls very briefly the main notions and results
on singular manifolds, as presented in [4].
We define
(2) T •M =
⋃
p∈M
(TpM)
•,
where (TpM)
• ⊆ T ∗pM is the space of covectors at p of the form ωp(Xp) = 〈Yp, Xp〉,
for some vectors Yp ∈ TpM and any Xp ∈ TpM . We define sections of T
•M by
(3) A•(M) := {ω ∈ A1(M)|ωp ∈ (TpM)
• for any p ∈M}.
On T •M there is a unique non-degenerate inner product g•, defined by 〈〈ω, τ〉〉• :=
g•(ω, τ) := 〈X,Y 〉, where X
• = ω, Y • = τ , X,Y ∈ X(M).
A tensor T of type (r, s) is named radical-annihilator in the l-th covariant slot
if T ∈ T rl−1M ⊗M T
•M ⊗M T
0
s−lM .
We now show how to define uniquely the covariant contraction or covariant trace.
We define it first on tensors T ∈ T •M⊗M T
•M , by C12T = g•
abTab. This definition
does not depend on the basis, because g• ∈ T
•∗M ⊗M T
•∗M . This operation can
be extended by linearity to any tensors which are radical in two covariant indices.
For a tensor field T we define the contraction CklT by
T (ω1, . . . , ωr, v1, . . . , •, . . . , •, . . . , vs).
If the metric is non-degenerate, we can define the covariant derivative of a vector
field Y in the direction of a vector field X , where X,Y ∈ X(M), by the Koszul
formula (see e.g. [3], p. 61). If the metric is degenerate, we cannot extract the
covariant derivative from the Koszul formula. We define the Koszul form as a
shorthand for the long right part of the Koszul formula and were emphasized some
of its properties.
Let’s recall the definition of the Koszul form and its properties, without proof,
from [4].
Definition 2.2 (The Koszul form). The Koszul form is defined as
K : X(M)3 → R,
(4)
K(X,Y, Z) :=
1
2
{X〈Y, Z〉+ Y 〈Z,X〉 − Z〈X,Y 〉
−〈X, [Y, Z]〉+ 〈Y, [Z,X ]〉+ 〈Z, [X,Y ]〉}.
Theorem 2.3. Properties of the Koszul form of a singular semi-Riemannian man-
ifold (M, g):
(1) Additivity and R-linearity in each of its arguments.
(2) F (M)-linearity in the first argument:
K(fX, Y, Z) = fK(X,Y, Z).
(3) The Leibniz rule:
K(X, fY, Z) = fK(X,Y, Z) +X(f)〈Y, Z〉.
(4) F (M)-linearity in the third argument:
K(X,Y, fZ) = fK(X,Y, Z).
(5) It is metric:
K(X,Y, Z) +K(X,Z, Y ) = X〈Y, Z〉.
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(6) It is symmetric:
K(X,Y, Z)−K(Y,X,Z) = 〈[X,Y ], Z〉.
(7) Relation with the Lie derivative of g:
K(X,Y, Z) +K(Z, Y,X) = (LY g)(Z,X).
(8) K(X,Y, Z) +K(Y, Z,X) = Y 〈Z,X〉+ 〈[X,Y ], Z〉.
for any X,Y, Z ∈ X(M) and f ∈ F (M). 
Definition 2.4. Let X,Y ∈ X(M). The lower covariant derivative of Y in the
direction of X is defined as the differential 1-form ∇♭XY ∈ A
1(M)
(5) (∇♭XY )(Z) := K(X,Y, Z),
for any Z ∈ X(M). We also define the lower covariant derivative operator
(6) ∇♭ : X(M)× X(M)→ A1(M),
which associates to each X,Y ∈ X(M) the differential 1-form ∇♭XY .
Definition 2.5. A singular manifold (M, g) is radical-stationary if it satisfies the
condition
(7) K(X,Y, ) ∈ A•(M),
for any X,Y ∈ X(M). This definition is more general than Definition 3.1.3 from
[7], because it is not limited to constant signature metrics.
Definition 2.6. Let X ∈ X(M), ω ∈ A•(M), where (M, g) is radical-stationary.
The covariant derivative of ω in the direction of X is defined as
∇ : X(M)×A•(M)→ Ad
1(M),
(8) (∇Xω) (Y ) := X (ω(Y ))− 〈〈∇
♭
XY, ω〉〉•,
where Ad
1(M) denotes the set of 1-forms which are smooth on the regions of con-
stant signature.
Definition 2.7. If the singular semi-Riemannian manifold (M, g) is radical-sta-
tionary, we define:
(9) A •1(M) = {ω ∈ A•(M)|(∀X ∈ X(M)) ∇Xω ∈ A
•(M)},
(10) A •k(M) :=
k∧
M
A
•1(M).
Definition 2.8. The Riemann curvature tensor is defined as
R : X(M)× X(M)× X(M)× X(M)→ R,
(11) R(X,Y, Z, T ) := (∇X∇
♭
Y Z −∇Y∇
♭
XZ −∇
♭
[X,Y ]Z)(T )
for any vector fields X,Y, Z, T ∈ X(M).
Definition 2.9. A singular semi-Riemannian manifold (M, g) satisfying
(12) ∇♭XY ∈ A
•1(M)
for any vector fieldsX,Y ∈ X(M) is called semi-regular semi-Riemannian manifold.
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Proposition 2.10. A radical-stationary semi-Riemannian manifold (M, g) is semi-
regular if and only if for any X,Y, Z, T ∈ X(M)
(13) K(X,Y, •)K(Z, T, •) ∈ F (M).

Example 2.11. We construct a useful example of semi-regular metric [4]. Let’s
consider that there is a coordinate chart in which the metric is diagonal. The
components of the Koszul form are in this case the Christoffel’s symbols of the first
kind, which are of the form ± 12∂agbb, because the metric is diagonal. Assume that
g =
∑
a εaα
2
adx
a ⊗ dxa, εa ∈ {−1, 1}. Then the metric is semi-regular if there is a
smooth function fabc ∈ F (M) with supp(fabc) ⊆ supp(αc) for any a, b ∈ {1, . . . , n}
and c ∈ {a, b}, and
(14) ∂aα
2
b = fabcαc.
If c = b, ∂aα
2
b = 2αb∂aαb implies that the function is fabb = 2∂aαb. In addition, this
has to satisfy the condition ∂aαb = 0 whenever αb = 0. We require the condition
supp(fabc) ⊆ supp(αc) because for being semi-regular, a manifold has to be radical-
stationary.
Theorem 2.12. The Riemann curvature of a semi-regular semi-Riemannian man-
ifold (M, g) is a smooth tensor field R ∈ T 04M . 
Proposition 2.13. The Riemann curvature of a semi-regular semi-Riemannian
manifold (M, g) satisfies
(15)
R(X,Y, Z, T ) = X
(
(∇♭Y Z)(T )
)
− Y
(
(∇♭XZ)(T )
)
− (∇♭[X,Y ]Z)(T )
+〈〈∇♭XZ,∇
♭
Y T 〉〉• − 〈〈∇
♭
Y Z,∇
♭
XT 〉〉•,
and
(16)
R(X,Y, Z, T ) = XK(Y, Z, T )− YK(X,Z, T )−K([X,Y ], Z, T )
+K(X,Z, •)K(Y, T, •)−K(Y, Z, •)K(X,T, •),
for any vector fields X,Y, Z, T ∈ X(M). 
3. Degenerate warped products of singular semi-Riemannian
manifolds
The warped product is defined in general between two (non-degenerate) semi-
Riemannian manifolds, (cf. [1], [2], [8], [9], [3], p. 204–211, also see the survey in
[10] and references therein. It is straightforward to extend the definition to singular
semi-Riemannian manifolds, as it is done in this section. Further, we will study
some properties of the warped products, in situations when the warping function
f is allowed to vanish or to become negative, and when (B, gB) and (F, gF ) are
allowed to be singular and with variable signature.
Definition 3.1 (generalizing [3], p. 204). Let (B, gB) and (F, gF ) be two singular
semi-Riemannian manifolds, and f ∈ F (B) a smooth function. The warped product
of B and F with warping function f is the semi-Riemannian manifold
(17) B ×f F :=
(
B × F, pi∗B(gB) + (f ◦ piB)pi
∗
F (gF )
)
,
where piB : B × F → B and piF : B × F → F are the canonical projections. It is
customary to call B the base and F the fiber of the warped product B ×f F .
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We will use for all vector fields XB, YB ∈ X(B) and XF , YF ∈ X(F ) the notation
〈XB, YB〉B := gB(XB , YB) and 〈XF , YF 〉F := gF (XF , YF ). The inner product
on B ×f F takes, for any point p ∈ B × F and for any pair of tangent vectors
x, y ∈ Tp(B × F ), the explicit form
(18) 〈x, y〉 = 〈dpiB(x), dpiB(y)〉B + f
2(p)〈dpiF (x), dpiF (y)〉F .
Remark 3.2. The metric of the degenerate warped product from Definition 3.1
has the form
(19) ds2B×F = ds
2
B + f
2ds2F .
Remark 3.3. Definition 3.1 is a generalization of the warped product definition,
which is usually given for the case when both gB and gF are non-degenerate and
f > 0 (see [1], [2] and [3]). In our definition these restrictions are dropped.
Remark 3.4 (similar to [3], p. 204–205). For any pB ∈ B, pi
−1
B (pB) = pB × F is
named the fiber through pB and it is a semi-Riemannian manifold. piF |pB×F is a
(possibly degenerate) homothety onto F . For each pF ∈ F , pi
−1
F (pF ) = B × pF is
a semi-Riemannian manifold named the leave through pF . piB |B×pF is an isometry
onto B. For each (pB, pF ) ∈ B×F , B×pF and pB×F are orthogonal at (pB, pF ).
For simplicity, if a vector field is a lift, we will use sometimes the same notation
if they can be distinguished from the context. For example, we will be using
〈V,W 〉F := 〈piF (V ), piF (W )〉F for V,W ∈ L(B × F, F ).
The following proposition recalls some simple facts which will be used frequently
in the following.
Proposition 3.5. Let B ×f F be a degenerate warped product, and let be the
vector fields X,Y, Z ∈ L(B × F,B) and U, V,W ∈ L(B × F, F ). Then
(1) 〈X,V 〉 = 0.
(2) [X,V ] = 0.
(3) V 〈X,Y 〉 = 0.
(4) X〈V,W 〉 = 2f〈V,W 〉FX(f).
Proof. (1) and (2) are evident because the manifold is B × F .
(3) 〈X,Y 〉 = 〈X,Y 〉B is constant on fibers, and V 〈X,Y 〉 = 0 because V is
vertical.
(4) X〈V,W 〉 = X(f2〈V,W 〉F ) = 2f〈V,W 〉FX(f). 
The properties in the following propositions are similar to some properties of the
Levi-Civita connection for the warped product of (non-degenerate) semi-Riemann-
ian manifolds cf. e.g. [3], p. 206, but in addition are valid for the degenerate case
too. These properties and their proofs in the regular case can’t be adapted im-
mediately, because for degenerate metric the Levi-Civita connection is not defined,
and also we need to avoid the index raising. But by rewriting them in terms of
the Koszul form, rather than the Levi-Civita connection, they work for degenerate
warped products too.
Proposition 3.6. LetB×fF be a degenerate warped product, and let be the vector
fields X,Y, Z ∈ L(B×F,B) and U, V,W ∈ L(B×F, F ). Let K be the Koszul form
on B ×f F , and KB,KF the lifts of the Koszul forms on B, respectively F . Then
(1) K(X,Y, Z) = KB(X,Y, Z).
(2) K(X,Y,W ) = K(X,W, Y ) = K(W,X, Y ) = 0.
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(3) K(X,V,W ) = K(V,X,W ) = −K(V,W,X) = f〈V,W 〉FX(f).
(4) K(U, V,W ) = f2KF (U, V,W ).
Proof. (1) and (4) follow from properties of the lifts of vector fields, the Definition
2.2 of the Koszul form, and the equation (18).
(2) By Definition 2.2,
K(X,Y,W ) =
1
2
{X〈Y,W 〉+ Y 〈W,X〉 −W 〈X,Y 〉
−〈X, [Y,W ]〉+ 〈Y, [W,X ]〉+ 〈W, [X,Y ]〉}
We apply the Proposition 3.5. From the relation (1),
〈Y,W 〉 = 〈W,X〉 = 〈W, [X,Y ]〉 = 0,
from the relation (2) [Y,W ] = [W,X ] = 0, from the relation (3) W 〈X,Y 〉 = 0.
Therefore K(X,Y,W ) = 0.
From (5) of the Theorem 2.3 we obtain that
K(X,W, Y ) = X〈W,Y 〉 − K(X,Y,W ) = 0.
From (6) of the Theorem 2.3 and from Proposition 3.5(2) we obtain that
K(W,X, Y ) = K(X,W, Y )− 〈[X,W ], Y 〉 = 0.
(3)
K(X,V,W ) :=
1
2
{X〈V,W 〉+ V 〈W,X〉 −W 〈X,V 〉
−〈X, [V,W ]〉+ 〈V, [W,X ]〉+ 〈W, [X,V ]〉}
=
1
2
X〈V,W 〉
from Proposition 3.5, using it as in the property (2) of the present Proposition. By
applying the property (4) we have K(X,V,W ) = f〈V,W 〉FX(f). From Theorem
2.3 property (6),
K(V,X,W ) = K(X,V,W )− 〈[X,V ],W 〉,
but since [X,V ] = 0, K(V,X,W ) = f〈V,W 〉FX(f) as well.
From Theorem 2.3 property (5),
K(V,W,X) = V 〈W,X〉 − K(V,X,W ),
but since 〈W,X〉 = 0, the property (3) of the present Proposition shows that
K(V,W,X) = −f〈V,W 〉FX(f).

Further, we will study some properties of the warped products, in situations
when the warping function f is allowed to vanish or to become negative, and when
(B, gB) and (F, gF ) are allowed to be singular and with variable signature.
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4. Degenerate warped products of semi-regular manifolds
In the following we will provide the condition for a degenerate warped product
of semi-regular semi-Riemannian manifolds to be a semi-regular semi-Riemannian
manifold.
Theorem 4.1. Let (B, gB) and (F, gF ) be two radical-stationary semi-Riemannian
manifolds, and f ∈ F (B) a smooth function so that df ∈ A•(B). Then, the warped
product manifold B ×f F is a radical-stationary semi-Riemannian manifold.
Proof. We have to show that K(X,Y,W ) = 0 for any X,Y ∈ X(B ×f F ) and
W ∈ X◦(B ×f F ). It is enough to check this for vector fields which are lifts
of vector fields XB, YB,WB ∈ L(B × F,B), XF , YF ,WF ∈ L(B × F, F ), where
WB,WF ∈ X◦(B ×f F ). Then, from the Proposition 3.6:
(1) K(XB , YB,WB) = KB(XB, YB ,WB) = 0,
(2) K(XB , YB,WF ) = K(XB, YF ,WB) = K(XF , YB,WB) = 0,
(3) K(XB , YF ,WF ) = K(YF , XB,WF ) = f〈YF ,WF 〉FXB(f) = 0, because
〈YF ,WF 〉F = 0, and
K(XF , YF ,WB) = −f〈XF , YF 〉FWB(f) = 0, from WB(f) = 0,
(4) K(XF , YF ,WF ) = f
2KF (XF , YF ,WF ) = 0.

Theorem 4.2. Let (B, gB) and (F, gF ) be two semi-regular semi-Riemannian man-
ifolds, and f ∈ F (B) a smooth function so that df ∈ A •1(B). Then, the warped
product manifold B ×f F is a semi-regular semi-Riemannian manifold.
Proof. All contractions of the form K(X,Y, •)K(Z, T, •) are well defined, accord-
ing to Theorem 4.1. From Proposition 2.10, it is enough to show that they are
smooth. It is enough to check this for vector fields which are lifts of vector fields
XB, YB, ZB, TB ∈ L(B ×F,B), XF , YF , ZF , TF ∈ L(B × F, F ). Let’s denote by •B
and •F the symbol for the covariant contraction on B, respectively F . Then, from
the Proposition 3.6:
K(XB, YB , •)K(ZB, TB, •) = K(XB , YB, •B)K(ZB , TB, •B)
+K(XB, YB, •F )K(ZB , TB, •F )
= KB(XB , YB, •B)KB(ZB, TB, •B)
∈ F (B ×f F ).
K(XB, YB , •)K(ZF , TB, •) = K(XB , YB, •)K(ZB , TF , •)
= K(XB , YB, •B)K(ZB , TF , •B)
+K(XB, YB, •F )K(ZB , TF , •F ) = 0.
K(XB, YB , •)K(ZF , TF , •) = K(XB , YB, •B)K(ZF , TF , •B)
+K(XB, YB, •F )K(ZF , TF , •F )
= −KB(XB, YB, •B)f〈ZF , TF 〉F df(•B)
= −f〈ZF , TF 〉F (∇
B
XB
YB)(df)
∈ F (B ×f F ).
K(XB, YF , •)K(TF , ZB, •) = K(XB , YF , •)K(ZB , TF , •)
= K(XB , YF , •B)K(ZB , TF , •B)
+K(XB, YF , •F )K(ZB , TF , •F )
= f〈YF , •F 〉FXB(f)K(ZB , TF , •F )
= f3XB(f)KF (ZB, TF , YF )
∈ F (B ×f F ).
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K(XB , YF , •)K(ZF , TF , •) = K(XB, YF , •B)K(ZF , TF , •B)
+K(XB, YF , •F )K(ZF , TF , •F )
= f3XB(f)〈YF , •F 〉FKF (ZF , TF , •F )
= f3XB(f)KF (ZF , TF , YF )
∈ F (B ×f F ).

Remark 4.3. Even though (B, gB) and (F, gF ) are non-degenerate semi-Riemann-
ian manifolds, if the function f becomes 0, the warped product manifold B ×f F
is a singular semi-Riemannian manifold.
Corollary 4.4. Let’s consider that (B, gB) is a non-degenerate semi-Riemannian
manifold, and let f ∈ F (B). If (F, gF ) is radical-stationary, then the warped
productB×fF also is radical-stationary. If (F, gF ) is semi-regular, then the warped
product B ×f F also is semi-regular. In particular, if both manifolds (B, gB) and
(F, gF ) are non-degenerate, and the warping function f ∈ F (B), then B ×f F is
semi-regular.
Proof. If the manifold (B, gB) is non-degenerate, then any function f ∈ F (B) also
satisfies df ∈ A•(B) and df ∈ A •1(B). Then the corollary follows from Theorems
4.1 and 4.2. 
Proposition 4.5 (The case f ≡ 0). B×0F is a singular semi-Riemannian manifold
with degenerate metric of constant rank g = dimB.
Proof. The proof can be found in [6], p. 287. In fact, Kupeli does even more in
[6], by showing that any radical-stationary semi-Riemannian manifold is locally a
warped product of the form B ×0 F . 
Remark 4.6. The warped product of non-degenerate semi-Riemannian manifolds
stays non-degenerate for f > 0. If f → 0, we can see for example from [3] that the
connection ∇ ([3], p. 206–207), the Riemann curvature R∇ ([3], p. 209–210), the
Ricci tensor Ric and the scalar curvature s ([3], p. 211) diverge in general.
5. Riemann curvature of semi-regular warped products
In this section we will assume (B, gB) and (F, gF ) to be semi-regular semi-Rie-
mannian manifolds, f ∈ F (B) a smooth function so that df ∈ A •1(B), and B×fF
the warped product of B and F . The central point is to find the relation between
the Riemann curvature R of B ×f F and those on (B, gB) and (F, gF ). The rela-
tions are similar to those for the non-degenerate case (cf. [3], p. 210–211) for the
Riemann curvature operator R( , ), but since this operator is not well defined and
is divergent for degenerate metric, we need to use the Riemann curvature tensor
R( , , , ). The proofs given here are based only on formulae which work for the
degenerate case as well.
Definition 5.1. Let (M, g) be a semi-regular semi-Riemannian manifold. The
Hessian of a scalar field f satisfying df ∈ A •1(M) is the smooth tensor field
Hf ∈ T 02M defined by
(20) Hf(X,Y ) := (∇Xdf) (Y )
for any X,Y ∈ X(M).
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Theorem 5.2. Let B ×f F be a degenerate warped product of semi-regular semi-
Riemannian manifolds with f ∈ F (B) a smooth function so that df ∈ A •1(B),
and RB , RF the lifts of the Riemann curvature tensors on B and F . LetX,Y, Z, T ∈
L(B×F,B), U, V,W,Q ∈ L(B×F, F ), and let Hf be the Hessian of f (which exists
because df ∈ A •1(B), see Definition 5.1. Then:
(1) R(X,Y, Z, T ) = RB(X,Y, Z, T )
(2) R(X,Y, Z,Q) = 0
(3) R(X,Y,W,Q) = 0
(4) R(U, V, Z,Q) = 0
(5) R(X,V,W, T ) = −fHf(X,T )〈V,W 〉F
(6) R(U, V,W,Q) =RF (U, V,W,Q)
+ f2〈〈df, df〉〉•B
(
〈U,W 〉F 〈V,Q〉F
− 〈V,W 〉F 〈U,Q〉F
)
the other cases being obtained by the symmetries of the Riemann curvature tensor.
Proof. In order to prove these identities, we will use the Koszul formula for the
Riemann curvature from equation (16). We will denote the covariant contraction
with • on B ×f F , and with
B
• and
F
• on B, respectively F .
(1) R(X,Y, Z, T ) = XK(Y, Z, T )− YK(X,Z, T )−K([X,Y ], Z, T )
+K(X,Z, •)K(Y, T, •)−K(Y, Z, •)K(X,T, •)
= XK(Y, Z, T )− YK(X,Z, T )−K([X,Y ], Z, T )
+K(X,Z,B• )K(Y, T,
B
• )−K(Y, Z,
B
• )K(X,T,
B
• )
= RB(X,Y, Z, T ),
where we applied (2) from the Proposition 3.6.
(2) R(X,Y, Z,Q) = XK(Y, Z,Q)− YK(X,Z,Q)−K([X,Y ], Z,Q)
+K(X,Z, •)K(Y,Q, •)−K(Y, Z, •)K(X,Q, •)
= K(X,Z, •)K(Y,Q, •)−K(Y, Z, •)K(X,Q, •)
= K(X,Z,B• )K(Y,Q,
B
• )−K(Y, Z,
B
• )K(X,Q,
B
• )
= 0,
by the same property, which also leads to
(3) R(X,Y,W,Q) = XK(Y,W,Q)− YK(X,W,Q)−K([X,Y ],W,Q)
+K(X,W, •)K(Y,Q, •)−K(Y,W, •)K(X,Q, •)
= K(X,W, •)K(Y,Q, •)−K(Y,W, •)K(X,Q, •)
= 0.
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(4) R(U, V, Z,Q) = UK(V, Z,Q)− VK(U,Z,Q)−K([U, V ], Z,Q)
+K(U,Z, •)K(V,Q, •)−K(V, Z, •)K(U,Q, •)
= U (f〈V,Q〉FZ(f))− V (f〈U,Q〉FZ(f))
−f〈[U, V ], Q〉FZ(f)
+K(U,Z,B• )K(V,Q,
B
• )−K(V, Z,
B
• )K(U,Q,
B
• )
+K(U,Z, F• )K(V,Q,
F
• )−K(V, Z,
F
• )K(U,Q,
F
• )
= fZ(f) (U〈V,Q〉F − V 〈U,Q〉F − 〈[U, V ], Q〉F )
+K(U,Z, F• )K(V,Q,
F
• )F −K(V, Z,
F
• )K(U,Q,
F
• )F
= fZ(f) (U〈V,Q〉F − V 〈U,Q〉F − 〈[U, V ], Q〉F )
+f〈U, F• 〉FZ(f)K(V,Q,
F
• )F
−f〈V, F• 〉FZ(f)K(U,Q,
F
• )F
= fZ(f)(U〈V,Q〉F − V 〈U,Q〉F − 〈[U, V ], Q〉F )
+K(V,Q,U)F −K(U,Q, V ))F
= 0,
where we used (3) and (4) from the Proposition 3.6, together with the Definition
2.2. We also used the property that the covariant contraction on F cancels the
coefficient f2 of K(U, V,W )F .
(5) R(X,V,W, T ) = XK(V,W, T )− VK(X,W, T )−K([X,V ],W, T )
+K(X,W, •)K(V, T, •)−K(V,W, •)K(X,T, •)
= −X (fT (f)〈V,W 〉F )
−K(V,W,B• )K(X,T,
B
• )
+K(X,W, F• )K(V, T,
F
• )F
= −X (fT (f)〈V,W 〉F )
+f〈V,W 〉Fdf(•)K(X,T,
B
• )B
+X(f)〈W, F• 〉FT (f)〈V,
F
• 〉F
= −X(f)T (f)〈V,W 〉F − fX(T (f))〈V,W 〉F
+f〈V,W 〉FK(X,T,
B
• )Bdf(
B
• )
+X(f)T (f)〈W,V 〉F
= f〈V,W 〉F
[
K(X,T,B• )Bdf(
B
• )−X(T (f))
]
= f〈V,W 〉F
[
K(X,T,B• )Bdf(
B
• )−X〈T, grad f〉B
]
= −fHf(X,T )〈V,W 〉F ,
where we applied the definition of the Hessian for semi-regular semi-Riemannian
manifolds, for f so that df ∈ A •1(B), and the properties of the Koszul derivative
of warped products, as in the Proposition 3.6.
(6) R(U, V,W,Q) = UK(V,W,Q)− VK(U,W,Q)−K([U, V ],W,Q)
+K(U,W, •)K(V,Q, •)−K(V,W, •)K(U,Q, •)
= RF (U, V,W,Q)
+K(U,W,B• )K(V,Q,
B
• )−K(V,W,
B
• )K(U,Q,
B
• )
= RF (U, V,W,Q)
+f2〈U,W 〉F df(
B
• )〈V,Q〉Fdf(
B
• )
−f2〈V,W 〉F df(
B
• )〈U,Q〉Fdf(
B
• )
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= RF (U, V,W,Q)
+f2〈〈df, df〉〉•B
(
〈U,W 〉F 〈V,Q〉F
−〈V,W 〉F 〈U,Q〉F
)
.

Remark 5.3. Despite the fact that the Riemann tensor R( , ) is divergent when
the warping function converges to 0 even for warped products of non-degenerate
metrics ([3], p. 209–210), Theorem 5.2 shows again that the Riemann curvature
tensor R( , , , ) is smooth.
6. Applications to General Relativity
In this section we show how the degenerate warped product can be used to
construct cosmological models and to model black holes.
The degenerate warped product allows the warping function to become 0 at
some points. Under the hypothesis of the Theorem 2.12 the Riemann curvature
still remains well-defined and smooth. As we shown in [4], for a smooth Riemann
curvature tensor of a four-dimensional semi-regular manifold we can write a den-
sitized version of Einstein’s equation which remains smooth, and which reduces to
the standard version if the metric is non-degenerate:
(21) Gdet g + Λg det g = κT det g,
where G = Ric − 12sg, T is the stress-energy tensor, κ :=
8piG
c4
, G is Newton’s
constant and c the speed of light.
The generalization of the warped product we propose here provides a powerful
method to resolve singularities in cosmology. If we show that a singularity can
be obtained as a semi-regular warped product of semi-regular (in particular non-
degenerate) manifolds, it follows that the densitized version of the Einstein equation
is smooth at that singularity.
6.1. Cosmological models. In the following we mention a result showing that
the Friedmann-Lemaˆıtre-Robertson-Walker spacetime can be extended beyond the
Big Bang singularity [11, 12].
If (Σ, gΣ) is a connected three-dimensional Riemannian manifold of constant
sectional curvature k ∈ {−1, 0, 1} (i.e. H3, R3 or S3) and a ∈ (t1, t2), −∞ ≤
t1 < t2 ≤ ∞, a ≥ 0, then the warped product (t1, t2) ×a Σ is called a Friedmann-
Lemaˆıtre-Robertson-Walker spacetime:
(22) g = −dt⊗ dt+ a2(t)gΣ
By allowing a to become 0, we can construct Friedmann-Lemaˆıtre-Robertson-
Walker cosmological models in which the evolution equation can pass through the
singularities.
In [11, 12], we applied the technique presented here in detail and we proved that
the Friedmann-Lemaˆıtre-Robertson-Walker spacetime, and the densitized version
of the Einstein equation, can be extended smoothly at and beyond the Big Bang
singularity. These techniques also allowed the construction of very general semi-
regular cosmological models which are inhomogeneous and anisotropic, and satisfy
the Weyl curvature hypothesis [13].
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6.2. Stationary black holes. At the black hole singularities, some components
of the metric become infinite, so they are apparently different than the singularities
due to the degeneracy of a smooth metric. In the case of the event horizon, Ed-
dington [14] and Finkelstein [15] were able to remove the singularities by applying a
singular coordinate transformation (which obviously implies a change of the atlas).
It is known that this can be done only for the event horizon singularities, while the
r = 0 singularities are genuine. However, in [16, 17, 18] we successfully applied the
method of coordinate changes to make the metric smooth and actually analytic at
the r = 0 singularities.
We will show here the simplest case, that of the Schwarzschild black hole [16].
The metric in Schwarzschild coordinates is
(23) ds2 = −
r − 2m
r
dt2 +
r
r − 2m
dr2 + r2dσ2,
where dσ2 = dθ2 + sin2 θdφ2.
The coordinate transformation that makes the metric analytic and semi-regular
everywhere, including at r = 0, is
(24)
{
r = τ2
t = ξτ4
The metric becomes in the new coordinates:
(25) ds2 = −
4τ4
2m− τ2
dτ2 + (2m− τ2)τ4 (4ξdτ + τdξ)2 + τ4dσ2,
The metric remains, of course, singular at r = 0, because the Kretschmann
scalar RabcdR
abcd is singular at r = 0. But the part of the singularity due to the
coordinates is removed, and what remains is an analytic degenerate metric, which
is semi-regular [16].
One crucial step in moving from the coordinates (ξ, τ) to (ξ, τ, φ, ρ) was the
usage of degenerate warped products, present because of the spherical symmetry
of the Schwarzschild solution. The warped product was also used for the Reissner-
Nordstro¨m black hole solutions [16, 17], and the Kerr-Newman solutions (which
have cylindrical symmetry) [18]. These simple stationary solutions are shown to be
compatible with global hyperbolicity, and therefore with a unitary evolution [19].
As a side effect of the degenerate warped product, it turned out that the resulting
singularities are accompanied by dimensional reduction effects like those needed in
Quantum Gravity [20].
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